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ABSTRACT

This paper studies series of independent random variables in rearrange-
ment invariant spaces X on [0, 1]. Principal results of the paper concern
such series in Orlicz spaces exp(Ly), 1 < p < 0o and Lorentz spaces Ay.
One by-product of our methods is a new (and simpler) proof of a result
due to W. B. Johnson and G. Schechtman that the assumption L, C X,
p < oo is sufficient to guarantee that convergence of such series in X
(under the side condition that the sum of the measures of the supports
of all individual terms does not exceed 1) is equivalent to convergence in
X of the series of disjoint copies of individual terms. Furthermore, we
prove the converse (in a certain sense) to that result.
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1. Introduction

It follows from the classical Khintchine Inequality that for all p € [1,00), the
Rademacher system {r,}5.,, given by r,(t) = sgnsin(2"xt), ¢ € [0,1) in the
L,-spaces on the interval [0,1] (equipped with Lebesgue measure )) is equiva-
lent to the unit vector basis {e,}52, of ls, or equivalently to the sequence of
disjoint translates 7,(t) := rp(t —n + 1) in L(0,00). Similarly, it follows from
a remarkable inequality due to H. P. Rosenthal [R] for sequences {f,}5>, of
independent mean zero random variables in L,[0,1], p > 2 that the mapping
fe = fi, where fi(t) := fu(t —k + )X[k—1,5)(t), t € R extends to an isomor-
phism between the closed linear span [f]52; (taken in L,[0,1]) and the closed
linear span [f;]2, (taken in L,[0,00) N L2[0,00)). An extension of Rosenthal’s
Inequality to Lorentz spaces Ly q, 2 < p < 00, 0 < ¢ < oo is given in [CD]. A
further significant generalization to the class of rearrangement invariant (=r.i.)
spaces is due to W. B. Johnson and G. Schechtman [JS] who introduced r.i.
spaces Yx and Zx on [0, 00) linked with a given r.i. space X on [0, 1] and showed
that any finite sequence {f;}}_, of independent mean zero (respectively, pos-
itive) random variables in X is equivalent (uniformly in n) to the sequence of
its disjoint translates in Yy (respectively, Zx), provided that X contains an
L,-space for some p < co. A key tool in their proof of this equivalence is the
well-known tail probability inequality due to Hoffmann-Jgrgensen [H-J] (for in-
teresting strengthening of this inequality we refer to the recent papers [HM]
and [KN]). In particular, it immediately follows from results of [JS] that if the
sequence {f}32, of independent random variables satisfies, in addition, the
assumption that for all n € N

(1.1) STA{ S #£0p) <1,
k=1

then the correspondence f; < fi, k > 1 between the sequence {fi}32; and
the disjointly supported sequence {f;}$2, of equimeasurable copies of {f,}3;
extends to an isomorphism between the closed linear spans [f]32., and [fi]2,
in X, provided that X contains L0, 1] for some p < co.

The main question studied in the present paper is the following: for which
r.i. spaces X and'Y on [0,1] does there exist a constant C = C(X,Y) > 0 such
that for every sequence { fy}7—; C X of independent random variables satisfying
(1.1), it follows that

(1.2) <C

Y

i
k=1

S
k=1

7
b'e
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We recall that a complete characterization of rearrangement invariant spaces
E on [0, 1] for which the Khintchine Inequality holds is due to V. A. Rodin and
E. M. Semenov [RS] (see also [LT], pp. 134-136). Consider the family of Orlicz
spaces exp(Ly) = Ly, Np(t) ;= exp|t|P —1,t € R, p > 1. It is shown in [RS]
that the correspondence r,, +> e,, n > 1 extends to an isomorphism between
the closed linear span [r,]52, in E and [e,]32, in I» if and only if E contains
the separable part of the space exp(Ls).

It is proved here that in the setting that X = Y, unlike the situation with
the Khintchine Inequality, there is no “minimal” r.i. space E such that for every
r.i. space X D E the correspondence fi, > fi, k > 1 for all sequences {fi}32;
of independent random variables satisfying (1.1) extends to an isomorphism
between the closed linear spans [fx]$2; and [fx], in X. In fact, we show that
if E is such an r.i. space, then it contains an L,-space for some p < oo. This
result is the converse (in a certain sense) to [JS], Theorem 1.

We study the above question for the settings when X = exp(Ly), 1 <p < o0
and when X is an arbitrary Lorentz space A4 [0, 1]. In the first case, we show that
for a fixed p € [1,00] and X = exp(Ly), the set of all r.i. spaces Y for which the
inequality (1.2) holds has a unique minimal element, which is the Orlicz space
Ly, where M,(t) := elthn™?(e+1th _1 ¢ € R, and ¢ = p/(p—1). In the second
setting, we give a complete characterization of those concave functions 1 such
that the correspondence fi ¢+ fi, k > 1 for all sequences {fx} | of independent
random variables satisfying (1.1) extends to an isomorphism between the closed
linear spans [f¢]$2, and [f;]32, in Lorentz space Ay[0,1].

Our approach is based on the study of a certain linear operator K on L [0, 1]
and is related to the approach previously developed by M. Sh. Braverman [Br] in
his study of the Rosenthal Inequality in r.i. spaces, which, in turn, was inspired
by earlier ideas and probabilistic constructions of V. M. Kruglov [K]. We spell
out these connections in Section 3 below, after introducing all necessary defini-
tions in Section 2. We study the main question in the Orlicz spaces exp(L,) and
the Lorentz spaces Ay in Sections 4 and 5 respectively. As a by-product of the
work carried out in Section 5 for Lorentz spaces, we also present there the con-
verse of the main result from [JS]. The latter application is partly based on the
results of S. Montgomery-Smith and E. M. Semenov [MS] concerning random
rearrangements, although our exposition is fairly self-contained. In Section 6,
we show an easy way to discard the side condition (1.1) and extend our results
to an arbitrary sequence of independent random variables. In particular, in the
setting that X = Y, we recover (and complement) an earlier result from [JS]
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for the space Zx. Our approach here consists in reducing the study of arbitrary
sequences of independent random variables to those satisfying condition (1.1).
We demonstrate the utility of our approach by strengthening recent results of
S. Montgomery-Smith [M] concerning spaces Z%, p € (1,00} (which generalize
results of [JS] for the space Zx). Finally, in Section 7, we present a neces-
sary condition for an affirmative answer to the main question in the case when
X=Y.

ACKNOWLEDGEMENT: We thank the referee for useful comments, in particular
for the reference [KN].

Some of the results of this paper have been announced in [AS].

2. Definitions and preliminaries

We denote by S(Q)(= S(Q, P)) the linear space of all measurable finite a.e. func-
tions on a given measure space (§,P) equipped with the topology of
convergence locally in measure.

A Banach space (E,|| - ||g) of real-valued Lebesgue measurable functions
on the interval [0,a), 0 < a < oo (with identification M-a.e.) will be called
rearrangement invariant if

(i) E is an ideal lattice, that is, if y € E, and if  is any measurable function

on [0,a) with 0 < |z| < |y| then z € E and ||z||g < ||yl &;

(ii) F is rearrangement invariant in the sense that if y € E, and if z is any

measurable function on [0, @) with z* = y*, then z € F and ||z||g = ||yl £-

Here, A denotes Lebesgue measure and z* denotes the non-increasing, right-
continuous rearrangement of = given by

z*(t) =inf{s > 0: X{| z |> s}) <t}, t>0.

For basic properties of rearrangement invariant spaces, we refer to the mono-
graphs [BS], [KPS], [LT].

The Ké&the dual E* of a rearrangement invariant space E on the interval
[0, @) consists of all measurable functions y for which

lyllex <= sup { /0 *le(y(ldt: 7 € E, Jalle < 1} < .

Basic properties of Kéthe duality may be found in [KPS], [BS] (where the Kéthe
dual is called the associate space). If E* denotes the Banach dual of E, it is
known that EX C E* and EX = E* if and only if the norm || - || is order-
continuous, i.e. from {z,} C E,z, |, 0, it follows that |[z,||[r = 0. We note
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that the norm || - ||g of the rearrangement invariant space E on [0, ) is order-
continuous if and only if E is separable. The natural embedding of E into
its Kothe bidual E** is a surjective isometry if and only if E has the Fatou
property, i.e. if it follows from {f,}n>1 C E, f € 5[0,a), fr = f a.e. on [0,q)
and sup,, || fxllz < 00, that f € E and ||f||g < liminf, o || fo]|z. Such spaces
are also called maximal. Somewhat weaker than the notion of Fatou property
of an r.i. space E is the notion of a Fatou norm. If F is a r.i. Banach function
space on [0,a), 0 < a < oo, then the norm || - ||z on E is said to be a Fatou
norm, if the unit ball of F is closed in F with respect to almost everywhere
convergence. The norm on the r.i. space F is a Fatou norm if and only if the
natural embedding of E into its Kothe bidual is an isometry.
For any r.i. space E on [0, @), the inclusions

L1[0,0) N L[0,@) € E C L1[0,@) + Loo[0, @)

hold with continuous embeddings. We denote the closure of L;{0, &) N Lo[0, @)
in E by E°. If E # L, then E? is a separable r.i. space.

If A C [0,00) is (Lebesgue) measurable, we denote the indicator function of
A by x 4. Given the rearrangement invariant space E, the function

oe(t) = lIxa()le,

where the measurable set A satisfies A(A) = t, is called the fundamental
function of E.

3. The Kruglov property and the operator K

Let f be a measurable function (random variable) on [0,1]. By n(f) we will
denote a random variable ZfV:I fi: where f; are independent copies of f, and
N is a Poisson random variable with parameter 1 independent of the sequence
{fi}. Another (equivalent) definition of 7(f) may be given via its characteristic
function as follows,

o
On()(t) = exp( / (e ~ 1)d.7:f(:1:)>,
—00
where F; is the distribution function of f [Br].
Everywhere in this section X stands for an r.i. space on [0,1]. It will be
convenient to adopt the following terminology.
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Definition 3.1: An r.i. space X is said to have the Kruglov property (X € K),
if and only if
feX =n(f)eX.

This property has been studied and extensively used by M. Sh. Braverman [Br],
who noted in particular that only the implication f € X == #(f) € X is non-
trivial, since the implication 7(f) € X = f € X is always satisfied (see [Br],
p. 11).

We shall now define an operator K on S([0,1],A) which is closely linked
with the Kruglov property. From a technical viewpoint, it is more conve-
nient to assume that this operator takes its values in S(Q2, P), where (Q,P) :=
[T52,(10,1], Ax) (here, Ay is Lebesgue measure on [0,1] for every k > 0). Let
{E,} be a sequence of pairwise disjoint subsets of [0,1], m(E,) = 1/(e - n!),
n € N. For a given f € S([0,1], ), we set

(3.1) Kf(wo,wr,wa,..) = Y > flwi)xm, (wo)-

n=1 k=1

Let also 4: (2,P) — ([0,1],A) be a measure preserving isomorphism. For
every g € S(Q,P), we set T(g)(z) := g(6~'z), z € [0,1]. Note that T is a
rearrangement-preserving mapping between S(Q,P) and S([0,1],A). We shall
be mainly interested in the operator TK acting on S([0, 1], A) and by an abuse of
language frequently refer to the latter operator as . From a certain viewpoint,
our main object of study in this paper is the distribution of Kf (for various
classes of measurable functions f € S[0,1]). Therefore, it will be convenient to
adopt the following notation. If f € S([0,1],A) and {fs x}?-; is a sequence of
measurable functions on [0, 1] such that:

(i) thesequence fn1, fnz2,--.,fo.n XE, is asequence of independent random

variables Vn € N;

(i) Ff,.=Fs, VneN k=12,...,n,

then we write

o0 n
3.1y K'f@) =33 fur@xe. @), z€[0,1]
n=1k=1
It is clear that the distribution function of Kf (= TKf) is the same as the
distribution function of K'f. Frequently, again by an abuse of language, we
shall also refer to X' f as Kf.
The main objective of this paper is to study the action of the positive linear
operator K on various classes of r.i. spaces X.
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Our first remark concerning the operator K immediately follows from the
closed graph theorem (see also [Br}, Lemma 1, pp. 11-12).

LEMMA 3.2: If X and Y are r.i. spaces on [0,1] and Kf € Y for every f € X,
then there exists C > 0 such that

ICflly < Cllfllx.

Let f € S[0,1] and let K'f by defined by (3.1)". The distribution function of

the random variable K' f is given by
1 — 1
Fos(@) = (X0 @) + F1@) + 3 1 Fsla)" ). ek
=2

where (F;(z))*! is the I-fold convolution of F(-) computed at the point z.

This distribution is a mixture of the discrete Poisson distribution with
parameter 1 and a family of convolutions of F;’s, which is frequently referred

to as the generalized Poisson distribution (see, e.g., [Lu], Ch. 12). Direct com-
putation shows that the characteristic function ¢x s of K'f is given by

0
(Bres(®) = b0 = e [ (e - 17 (0))
—0C
= exp(¢5(t) = 1) = dn(p)(t), tER
This remark together with Definition 3.1 justifies the following assertion.

LEMMA 3.3: If X is an r.d. space on [0,1], then the operator K maps X
boundedly into itself if and only if X € K.

Remark 3.4: The statement of Lemma 3.3 in terms of operator boundedness
will enable us later to apply interpolation techniques.

THEOREM 3.5: Let X C Y be r.i. spaces on [0,1]. Consider the following
conditions:

(i) there exists C > 0 such that (1.2) holds for an arbitrary sequence { fi}7_,
C X of independent random variables satisfying (1.1);

(i) there exists C > 0 such that (1.2) holds for an arbitrary sequence { fi.}}_,
C X of independent identically distributed random variables satisfying
(1.1);

(iii) the operator K acts boundedly from X into Y **;

(iii)" the operator K acts boundedly from X into Y.
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The following implications hold: (iii))'==>(i)<=>(ii). If the spaceY is equipped
with a Fatou norm, then (i)<=>(ii)<=(iii).

Proof: The implication (i)==(ii) is obvious. Assume now that (ii) holds. Fix
f € X and n € N and choose h € X such that , = F; and such that h
and x[o,1/n) are independent. Set hy, := hx[,1/n}, and let {X[o,1/n], Pn,k}}=, De
a set of (n + 1) independent random variables such that Fp, , = Fp, for all
1 < k < n. Since the functions | Y;_, hn| and |h| have the same distribution
function, we conclude that the functions | Y7 _, hn x| and | f| are equidistributed,
and therefore, by assumption,

(3.2) <C = Clifllx-

7,k n,k

A direct computation shows that ¢y, (t) = n=2¢s(t) + (1 —n~!) forall t € R.
Hence, the characteristic function of the sum Hy, := Y _, hnx is given by

éu, (1) =(n"Hes () -1+ 1)", VteR

Since lim, o0 @, () = exp(@s(t) — 1) = ¢r(5)(t), for all t € R we see that
H,, converges weakly to Xf. Combining this with (3.2), with [Br] Proposition
3, pp. 3-4 and with the fact that the natural embedding of ¥ into Y ** is an
isometry, we conclude that ||Kf|ly < C||f|lx. This completes the proof of the
implication (ii)==>(iii).

Assume now that (iii) holds, i.e. that there exists C < oo such that ||K|| x -y xx
< C. We shall first show the assertion (i) under an additional assumption that
the sequence {fi}}_, is symmetrically distributed. In [Pr], Yu. V. Prokhorov
proved that in this case, if the sequence {hy }}7_, consists of independent random
variables such that Fy, = Fr(s,) forall k =1,2,...,n, then

A{ éfk z:s} 38/\{ ghk

It then follows from this inequality (see e.g. [KPS}, I1.(4.17)) that

ka th

k=1 k=1

n

> g} Vi > 0.

<16
Y X%

YXX

Setting now f := 3 r_, fx and taking into account that fj f, = 0 for all k # m,

we have
JRGEE Z / (¢ ~ 1)dF, ()

-0
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Therefore,

$r(n®) = [[ $rr® = [] o0 t), teRr
k=1 k=1

In other words, Fr(s) = Fyp_ n, and hence, by the assumption, by the equality
br(5) = Sk(s) (see the argument before Lemma 3.3) and by the inequality above,

th ka

k=1 k=1

n

Y

k=1

<16
YXX

= 16([Kf|lyxx < 16C||fl|x = 16C
YXX

X

Since fr € X, k> 1, X C Y and Y has a Fatou norm, we conclude that
1 Xhe fully < 16C| Yk, fellx, ie. (i) holds. To complete the proof of
Theorem 3.5, we need to consider the case when the sequence {fy}7_, is no
longer assumed to be symmetrically distributed.

Until the end of the proof we fix a number a € (0,1/2] such that

lIx(0,ally

1
@3 lIxgo,11ly =2
Combining the well known fact that every r.i. space X on [0, 1] contains L,
(see [KPS] Ch. 2, Section 4) with the assumption that K maps X into Y >, we
infer that Kx[o,1) € Y**. It is easy to see that Kx(o,1] € Loo[0, 1] (see detailed
computations in Theorem 4.4 below). Therefore, Y ** # Lu[0,1] and hence
Y # Ly[0,1]. The latter fact implies that the fundamental function of Y is
continuous at 0 (see [KPS], Ch. 2), i.e. the inequality (3.3) is always satisfied
for an appropriate choice of @ < 1/2.

The remainder of the proof will be done in two steps. We first assume that

the sequence {fx}7_,; is such that
(3-4) Y M{fe #0) <a.
k=1

In this case, we shall use the standard “symmetrization” trick. Let {f;}7., be a
sequence of independent “copies” of the sequence {fr}7_,. We set hy := fr— f},
and let wy: supp(hy) — Ej be measure preserving transformations, where Ej,
are pairwise disjoint subsets of [0,1], £ = 1,2,...,n (note that we may choose
E;, to be pairwise disjoint thanks to (3.4) and the assumption that a < 1/2).
For s € Ej, (respectively, s ¢ Ex) and k = 1,2,...,n, we set

Fels) = felwi (), Fils) = filwi (), Pa(s) = hu(wy (5))
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(respectively, fi(s) = fi(s) = hx(s) = 0). Clearly, each of the sequences
{Fetiq, {Fi}2, and {hy}7_, consists of pairwise disjoint elements and Fy, =
Froo Frp = .Tfé, Fri = Fp, forall k = 1,2,...,n. It follows now from the
symmetrization inequality (see [VTC], Ch. 5, Prop. 2.2) that

Mkl > 2} <2M|fel > 2/2), 2> 0.

Hence, it follows from (3.4) that, by the first part of the proof,
n n a n B

> > Ay > F

k=1 Y k=1 X k=1 X

On the other hand, we note first that by (3.4) we have ”(22;1 fk)*X[O,a]”Y -
I ZZ=1 felly- Now, writing

(3.5) <C <4cC

hi = fr = Efy — (fi —Efe) (Ef = /01 f(x)dx)

and combining [Br], Prop. 11, p. 6 with (3.4), we get that for some constant
C(Y') we have

o zom| L a-r(La)|
k=1 Y k= k=1
z ~B( 3 A ) xmwisis |
k= k=1
> cm( AR nxm,aluy).
k=1 Y k=1

Since the inequality || f|ly > |Ix[o,yj|lvElf| holds in every r.i. space Y (see [KPS]
Ch. 2, Theorem 4.1), we infer from the inequality above and (3.3) that
>
Y

Z Fr Z fk
k=1 k=1

Together with (3.5) this yields (1.2) with the constant 8C/C(Y).

Finally, let us consider the setting of an arbitrary sequence of independent
random variables {fy}7_, C X satisfying condition (1.1). Without loss of gen-
erality, we may (and shall) assume that for any b€ Rand each k= 1,2,...,n
we have M{fr, = b} = 0. Since the sequence { f}}_, satisfies (1.1), we can select
numbers 0 = by < by < by < --+ < by = 00, where { := [1/a] + 1 such that

n

> C(Y)

(1 lIxto, a]“Y) C(Y
“Xo l]”Y

Y

S Mg < fi<bp}<a, VE=1,2,...,1

=1
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Set fir(x) := fil@)Xibr_r<fichn} (@), 8 =1,2,...,n, k = 1,2,...,1, z € [0,1].
It is clear that f; = Zic:l fix and that for every k = 1,2,...,] the sequence
{fix}q C X satisfies condition (3.4). Hence, using the first step of the proof
and the fact that |f; x| < |fi| (k=1,2,...,]), we obtain

5 fin S| <e(Fn)|xs
i=1 i=1 X i=1

The proof of the implication (iii) = (i) follows along the same lines as the
proof of the implication (iii)==(i). This completes the proof of Theorem 3.5.
]

v

<0y,

Y k=1

l

<>

Y k=1

n

S of

=1

X

COROLLARY 3.6 ([Br], Lemma 4, p. 13): If an r.i. space X € K, then there
exists C > 0 such that for every sequence {fi}7?_; C X of independent random
variables satisfying (1.1) we have

n

Y

k=1

n

L

k=1

<C

X

X

4. The operator K in exponential Orlicz spaces exp(L,), 0 <p <00

Let ® be an Orlicz function on [0, 00), that is, ® is a continuous convex increasing
function on [0, 00) satisfying ®(0) = 0 and ®(c0) = o0. The Orlicz space
Ly = Lg[0,0), 0 < o < 00 is the space of all Lebesgue measurable functions f
on [0, a) for which

/ “o(fh4 < o
0 p

for some p > 0. The (Luxemburg) norm in Le = Le[0,a) is defined by

I flle = inf {p > 0: /Oa @("%f”)dt < 1}.

The Orlicz space Lg[0,a) is maximal. In the case that o < oo, Lg[0,a) is
separable if and only if ® satisfies the As-condition at co. The space Ls |0, 00)
is separable if and only if ® satisfies the As-condition both at co and at 0 (see,
for example, [BS], [LT}).

It is easy to see that for every p € (0, c0), the function

(1/7]

’ t|kp
Np(2) := el "Zl% pe(0,1); Ny(t)y=e"" -1, p>1, teR,
k=0 )
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is an Orlicz function (here, as usual, [1/p] denotes the integral part of 1/p). The
corresponding Orlicz space, Ly, is frequently denoted by exp(L,) (exp(Loo) :=
Leo). Tt follows from the original paper of Kruglov [K] that exp(L,) € K for all
0 < p <1 and it is noted in [Br] that this is no longer the case when p > 1. For
completeness sake, we present a simple proof of Kruglov’s result.

PROPOSITION 4.1: If ® is an Orlicz function such that for some constant B > 1,
®(z +y) < B(z)2(y), Vz,y>0,

then K (boundedly) maps Ly into itself.

Proof: We shall denote [, f(z)dz by Ef. Let f = f1 € Lo with E(®|f]) :=
fol ®(|f(z))dz <1 (i.e. ||fllLe < 1) and let {fx}32, be a sequence of indepen-

dent identically distributed random variables. For every n € N, we have
n n—1
(@1 1) < 55( o1 X el
k=1

—BE(@ZM) (@lfal) < - < B,

Using the definition of the operator X, we obtain

E@IKf) = E B(e )

1

an kXEn

k=

n
1

3
Il

=) E[® ) fnk E.))
(o o)
o0 . 1 s Bt
< (1)) BMIA(EL) = 213 Y —
n=1 n=1 ’
_3(1)(e? - 1)

eB .

Combining Proposition 4.1, Lemma 3.3 and Theorem 3.5 we obtain the
following corollary.

COROLLARY 4.2: If ¢ satisfies the conditions of Proposition 4.1, then
(1) (see [K]) the Orlicz space Ly € K;
(ii) there exists C > 0 such that for an arbitrary sequence {fx}i., C Ls
of independent random variables satisfying (1.1), the following inequality
holds:

n

Y fe

k=1

S

k=1

<C

Lg Ly
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We remark that the assertion of Proposition 4.1 (and thus that of Corollary
4.2) remain valid (with analogous proof) if the Orlicz function @ satisfies the
following condition:

®(z +y) < B(2(z) + ®(y)), Vz,y>0.
We introduce next the Orlicz functions
My(t) :=elt"etith _ 1 p>0 teR

Denote by ¥ the set of increasing concave functions on [0, 00) with (0) =
¥(+0) = 0. If v € ¥, then the Marcinkiewicz space My[0, ) consists of those
measurable functions z for which

1 8
T = sup — [ z*(t)dt < 0.
lellgiom = s oo [ a0

0<s<a

It is useful to note that for every p > 0, the Orlicz space Ly, (respectively,
Ly, ) coincides with the Marcinkiewicz space My, (respectively, My,), where

i tln(e/t)
velt) := In!/?(In(ee /t))

For the reader’s convenience, we include a short proof of this observation

(respectively, ¢, (1) := tIn'/?(e/t)), t>0.

below. In this proof, as well as in further arguments in this section, we shall
frequently use the equivalent expressions for the norms on the Marcinkiewicz
spaces My, and M, on the interval [0,1] which follow from [KPS] Theorem
11.5.3,

~

t
lell,, = sup ——a*(t), weM,, and

sup

te(0,1) Yp(t)
lellng,, < sup —

v = o

7 te,) Pp(t)

(4.1)
z*(t), z€ My,.

LEMMA 4.3: The equalities Ly, = My, and (exp(L,) =)Ly, = My, (with
norm equivalence) hold for every p > 0.

Proof: We shall prove only the first equality, since the proof of the second is
similar (and simpler). Fix p > 0. It is sufficient to prove that the fundamental
functions ¢r,, and ¢u,  are equivalent and that the function fp: t — ¥,(t)/t
belongs to the Orlicz space Lys, (see [KPS], Section I1.5.4 and (4.1) above).
Since

N _ W'P(n(ec/t) 1
DL, (t) = M oM, (8) = In(e/?) <_ fp(t)>’ >0
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(see [BS], Lemma 4.8.17 and [KPS], Theorem I1.5.7), it suffices to check that
the functions M, 1(1/-) and f,(-) are equivalent in a neighbourhood of 0. Since
for every positive ¢ we have

1/p . In(e/t)
lim In (e +c lnl/ﬂ(ln(ec/t)))
t—+0 lnl/p(ln(ee/t))

we can select § > 0 such that for all ¢ € (0,4) we have

?

1 7 Inte 5 inle
(42)  My(550) < <1t < B <2, ).

It follows from (4.2) that functions M, !(1/-) and f,(-) are equivalent in (0, 6).
Finally, the embedding f, € Ly, follows immediately from the first inequality
on the left in (4.2). 1

It follows from Proposition 4.1 that for all p € (0,1] the operator K acts
boundedly on exp(Ly). To describe the behaviour of the operator K on the
spaces exp(L,) for p € (1,00) we set, for brevity,

Yp := {the set of all r.i. spaces Y such that
K maps exp(L,) boundedly into Y}, pe€ (1,0)]

(with the understanding that exp(Loo) := Leo)-

The following result shows that the space Ly, plays a crucial role in the study
of series of uniformly bounded independent random variables (see also [KW],
Corollary 3.5.2 for a somewhat related result).

THEOREM 4.4: The set YV, ordered by inclusion has a unique minimal element,
Ly, .
Proof:  Let g(z) = Kxjo,1)(). It follows from the definition of the operator K
(see also (3.1)') that

. Ien1
g )=k, Vt€ (trtro1), to=1, tg:= E; oL k€ N.
Since Ly, coincides with the Marcinkiewicz space My, , it is sufficient to show
(see (4.1) and the proof of Lemma 4.3) that g*(-) and f(-) := In(e/-)/In(In(e¢/-))
(= fi from the proof of Lemma 4.3) are equivalent in a neighborhood of 0. Since
the function f is decreasing on (0,1) and since the function g* = k on every
interval (tx_1,8), k € N, it is sufficient to show that

fte—1) < im f

. (tx)
<1 — <1
im . <1

1
2 T koo ~ k—oo
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To this end, noting that for all k € N

1

1 o0
’“”F;(”;(kn)(m )---(k+i>>

1 1 = 1
<—(14—
_e( +k+1+;(k+i)(k+i+1)>
1
€

2 2

< 1+ ——) < -

= (+ +1)_e’

and thus 11 51
A A .
pStSom keEN

Combining Stirling’s formula k! « 2rkk*e—* with the inequality above, it
follows that for all sufficiently large k, we have

EF <ty < tpor < (k—1)77*,

Thus,

— = lim
k—oco

(G -kn-%’f) < tim S o SO o SETD

k—o0 ~ koo koo k

Remark: An alternative proof of Theorem 4.4 may be obtained via the
following refined version of the Rosenthal Inequality from [La),

S
k=1

Here {fx}?., is an arbitrary sequence of independent random variables in
L (0,1) satisfying condition (1.1) and C does not depend on p > 1. Indeed,

n

Y fe

k=1

p
< —
- Cln(p +1)

Ly Ly

the inequality above implies that

sup
p>1

> fe Y F
k=1 k=1

Using the Taylor decomposition of the function M;(t) = (¢t + 1)* — 1 at the
neighbourhood of 0, it is not hard to see that the left hand side of the preceding
inequality is equivalent to || 3_¢_; fxllL,, (see also [A]).

Using Corollary 4.2, we shall now show how the result of Theorem 4.4 can be

B
L

p oo

extended to all values of p € (1, 00).
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THEOREM 4.5: The set J,, 1 < p < oo ordered by inclusion has a unique
minimal element, Ly, , where 1/p+1/q=1.

Proof: It follows from Proposition 4.1 and Theorem 4.4 that the operator X
maps boundedly Lo, into Ly, and exp(L1) (= Ly,) into itself. Hence, using
the real method of interpolation (see, e.g., [LT]), we infer that

K: (Loo,LNl)(),oo - (LMlaLN1)9,007 0<f<«1.

By Lemma 4.3, Ly, = My,, Ly, = My, and it is well known that the space Lo
is the Marcinkiewicz space M4, where id(t) = t for all ¢ > 0. Therefore, using
the known description of the spaces obtained by the real method of interpolation
in Marcinkiewicz couples (see, e.g., [0], Ex. 7.1.3, p. 428) we obtain

(Loo, LNy )o,00 = Ly—yy (L Lni)o,co = Ly _py—s -

Setting p = 6!, we immediately infer that K maps Ly into Ly, . It now follows
from (4.1) that in order to complete the proof of Theorem 4.5, it is sufficient to
show that for some scalar C (possibly dependent on p) and all sufficiently small
t > 0 we have

ho(t) < C(Kgo)*(t),
where

Ve In?(e/) and ho() = —BCE/)
go) = ltef ) and o0 = T e )

Since ho = hf, the latter inequality holds if and only if for all sufficiently large
7 > 0 we have
MKgo > 7/C} > Mho > T}

Further, a direct verification shows that AM{ho > 7} < e~ 7 for all suffi-
ciently large 7, hence it is sufficient to prove that A{Kgo > 7/3} > eTInt/4r
or equivalently,

(4.3) MKgo > 71} >e™® In'/ 7
for all sufficiently large 7. We have

Mgo>r}=exp(1-777) > e

Fix n € N and let ¢1,92,...,9, be independent copies of go. Setting g :=
min(gy, g2, - - -, gn) We have

Mg> =ML {g: >7}) = H Mg >71}> e "
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Hence, using the definition of the operator K, we obtain

o0 n
MKgo > 1} = /\{ Z Zgn,kXEn > 7'}
n=1 k=1
o0
> )s{ anin{gn,h s Grn}XE, > 7}
n=1
o
=S M min gax> T/nIA(En)
k=12,...n
n=1
> i e/ \(E,) = 1 ie-n“”f"l
- n=1 i € n=1 nl’

Note that if n > 7In"1/P(1 +7), then (equivalently) rIn'"*/?(1 + ) > n1-P7P.
Therefore,

1 1
. 1-1/p - el
MEgo >} 2 ep(-rn st YL
a>TIn~ P (147)
1

el2rin~ VP o)t

(4.4)
> exp(—Tlnl_l/” 7)

Using Stirling’s formula, we see that for sufficiently large 7

- - -1/p
————77; 5, 2 €XP —27ln l/pTln 27 In 1/7’7- > e—27'ln1 1 T
e[2Tln_1/pT]! ( ( )

Combining this estimate with (4.4), we obtain (4.3). This completes the proof
of Theorem 4.5. ]

COROLLARY 4.6: Let p € (1,00] and ¢ = p/(p — 1). There exists Cp, > 0 such
that for any finite sequence of independent random variables { fi}7.; C exp(L,)
satisfying (1.1), we have

n

> f

k=1

Ix

k=1

<G

Lo
Mq

exp(Lp)

Moreover, if an r.i. space Y with a Fatou norm is such that for all sequences
{fx}2-, C exp(L,) as above we have

n n
> fe > fe
k=1

k=1

<C
Y

1
exp(Lp)
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then necessarily, Ly CY.

Proof: If p = oo (respectively, p < co), then combine Theorems 3.5 and 4.4
(respectively, 4.5) and use the fact that L(1)\/1q is the smallest among all r.i. spaces
Y satisfying Y** D Ly, . |

5. The operator K in Lorentz spaces

Recall that ¥ is the set of all increasing concave functions on [0, 00) with ¢(0) =
¥(+0) = 0. If v € ¥, then the Lorentz space (Ay[0,a), ]| - ||a,[0,0)) On [0,) is
the space of all measurable functions z on [0, @) for which

lelln, 0.0 = / 2 (B)d(t) < oo
0

The space Ay[0,a), 1 < a < oo is always separable.
The following theorem describes Lorentz spaces Ay on which the operator X
acts boundedly in terms of the function ¢ € ¥.

THEOREM 5.1: Let ¢ € ¥. The operator K maps the Lorentz space Ay into
itself (i.e. Ay € K) if and only if there exists C > 0 such that

(5.1) Z¢( )<cw(u) u € (0,1].

Proof: Let f := X0y, v € (0,1] and let the sequences {fn}7—1, {XE. Jz1>
n € N satisfy the conditions (i) and (ii) from (3.1)'. Then, the function f, :=
> %=y fn,x has a binomial distribution with parameter u, i.e.

Mfn=k}=Crhi*(1—uw)"* k=0,1,....,n, neN,
where C¥ = n!/k!(n — k)!. Therefore, we have (see (3.1)")

KFs) =3 kxan(s),
k=1

where

1
— k h k —k
MAg) = Zc )" A(E Zk,n i - u)" 5

(1—u)" lu"(l—u 1—u
l—u’”k'Z n—k)'_—e ’*’k'z
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Hence, the function Kf has Poisson distribution with parameter w, which
coincides with the distribution of the function

h(s) : ZX(O,k](s s €1[0,1],

where 7, := e™* Y2, (u*/d!), k € N. Therefore,

(52) 1Sy = Il = Z / (s zm

Since K is a bounded positive operator from Ay into the space S[0, 1], and since
the extreme points of the positive part of the unit sphere of the space A, are
given by all normalized indicator functions of measurable subsets of [0, 1], it is
sufficient to verify the boundedness of K on Ay on the set of all such functions
(see Corollary 1 to Lemma 5.2 in [KPS], Chapter I1.5). Therefore, it follows
from (5.2) that K acts boundedly on the space Ay if and only if there exists
C > 0 such that

(5.3) D (n) < Colu), Vue (0,1].

k=1
It is easy to show (see a similar argument in the proof of Theorem 4.4) that

1u® u®
—— <7 < 2L , VkeN

ekl = F =

Combining this inequality with the fact that v is a concave function, we infer

that (5.3) and (5.1) are equivalent conditions. |

Remark 5.2: Arguing in a similar fashion, it can be shown that for a given
¥ € ¥ the operator K boundedly maps Ay into M,y (or, equivalently, using
customary language of interpolation theory [KPS], [BS] the operator K is of
weak type (¥,v)) if and only if

ky(u® /)
5.4 AR
(5:4) ue(g,l;]l?keN Y(u) <o

Indeed, let u,7¢,k € N and functions f, h = Kf be as in the proof of
Theorem 5.1. It is not difficult to see that we may compute the norm of h
in the Marcinkiewicz space M;/y ;) as follows:

. P(7r) fo " (Tomy X(0,7:) (8))ds

Tk

Y(r)[(k — D7 + 32, 7]
keN Tk

1Pl ) =

= sup (ki (7y))
kEN
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The estimate (5.4) now follows exactly as in the proof of Theorem 5.1.

The condition (5.1) for concave functions 3 € ¥ appears also in [MS] (see Eq.
(23) there), which studies random rearrangements in r.i. spaces. The following
technical estimate is established in [MS], Lemma 11.

LEMMA 5.3 ([MS]): If ¢ € ¥ is such that (1) = 1 and ¥(t) < at'/? for all
t € [0,1] and some p,a € [1,0), then

1 — uF
(5.5) 021;121 W ;"’(F) < 5ap.

A special case of the following result is given in [Br], Theorem 2, p. 16.

COROLLARY 5.4: If an r.i. space X with a Fatou norm contains L,[0,1] for
some p € {1,00), then the operator K acts boundedly from X into X**. In
particular, there exists C > 0 such that for an arbitrary sequence {fy}7_, C X
of independent random variables satisfying (1.1) we have

Y o h 7
k=1 k=1

Proof: (i) By the definition of X **, we have for every x € X **

(5.6) <C

X

X

1
lellces = sup { [ le@u(ilaeiy € X% il <1}.
0
This can also be interpreted as
(57) XXX — ﬂquy, “(I}“xxx = Sup”m“A./,yv

where the intersection and supremum are taken over all ¢, € ¥ such that

t
By(t) = /0 g (s)ds, te[0,1], yeX* [yllxx<Ll.

Following [MS], for every such v, € ¥ we set

_ Yylt) +1

= X*,tel0,1)]).
w1 WeXTreld

0,() :
Clearly, 8, € ¥ and 6,(1) = 1 for all y € X*. Since (see [KPS}, (I1.4.6))

1
lylh +1 < ——=Iyllxx +1<odx(1)+1, ye X, Jyllxx <1,
éxx (1)
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we deduce that
(58)  llzllay, < (ox(1) +Dlizlla,,, z€ X yeX™, lyllxx <1

On the other hand, for all z’s as above, it follows from (5.7) that

1
T < + ||lzll; <z +——— T x <14 —— .
Nzllae, < llzlla,, + 12l < lzlla,, -yl Izl xx < ( x (1 )||93||X><><

Combining this estimate with (5.7) and (5.8), we see that

XX =g, |lzfxxx < sup lzlla,,
YEX X |lyllxx <1

where the intersection is taken over all 6,’s as above. Further, it follows from
the assumption L, C X that X* C L = L, (here ¢ = J£;). Therefore, again
using [KPS], (II.4.6), we arrive at

t
6,(t) < / g (s)ds + £ < Jlgllgt™? + ¢ < allyllxx /P + 1 < (a+ 7.
0

It follows now, from Lemma 5.3 and from Theorem 5.1 (and its proof), that K
maps A, into itself for every y € X* with [jy||xx <1, and moreover

sup_ IKllag, —p,, = C < 00.
ol x <1

Thus for every x € X ** we have

IKzllxxx <  sup [|Kzlla,, <C sup lzlla,, X [l2llxxx.
llgll e x <1 Il x <1

Since X is equipped with a Fatou norm, the result now follows from Theorem
3.5. ]

The proof of the following assertion may be obtained in the same way as in
the proof of Theorem 14 [MS] and is therefore omitted.

LEMMA 5.5: If § € U, ¢(1) = 1 is such that for any ¢ € ¥ with (1) =
and v < ¢ condition (5.4) holds, then necessarily ¢(t) < at* for some a > 1,
a € (0,1] and all t € [0,1].

Using Remark 5.2 and Lemma 5.5, it is now possible to prove the converse,
in a certain sense, to the main result of [JS] (for normed r.i. spaces).
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COROLLARY 5.6: If an r.i. space E is such that for every maximal r.i. space
X D E there exists C' > 0 such that (5.6) holds for an arbitrary sequence
{fx}3=1 C X of independent random variables satisfying (1.1), then E contains
an Ly-space for some p € [1,0).

Proof:  According to [KPS], Theorem [1.5.7, E C M,;4,, where ¢g is the
fundamental function of E. Therefore, for every function ¥ € ¥ such that
Y < Cép for some constant C > 0, we have E C My /4,1y € My/y(;)- Hence,
by the assumption and Theorem 3.5, the operator ' boundedly maps M;y ;)
into itself and this implies (see Remark 5.2) that condition (5.4) holds for every
function 1 as above. By Lemma 5.5 this guarantees that ¢p(t) < ¢r(1)at* for
some @ > 1, @ € (0,1] and all t € [0,1]. The latter fact and [KPS], Theorem
I1.5.5 guarantee that D Ay, O A and since A contains L,[0,1], p > 1/a,
we are done. |

COROLLARY 5.7: If¢ € ¥ is such that for every a € (0,1}

sup ¢~*(t) = oo,
te(0,1]
then there exists ¢ € ¥ such that ¢ < Cy for some C > 0 such that the operator
K is not bounded on any r.i. space X with the fundamental function ¢x = ¢.

The preceding results show that it is not possible to answer the main question
(see Section 1) in terms analogous to the Rodin—Semenov characterization of r.i.
spaces satisfying the Khintchine Inequality. It should be also mentioned that
there are many r.i. spaces which have the Kruglov property and which do not
necessarily contain some Lp-space, 1 < p < oo (see, e.g., Corollary 4.2). The
next proposition presents a general method to exhibit such examples among
Marcinkiewicz spaces.

PROPOSITION 5.8: For every quasi-concave non-negative function p on [0,1],
let (t) := p(tine/t). IFP(t) :=t/u(t), t € [0,1], then My € K.

Proof: We denote by l(1/p) the space of all two-sided scalar sequences a =
{ar}3% _ o such that

lelhetrser = [{ 555 ool <o

Since, by Proposition 4.1, the operator K is bounded on L; and Ly,, we infer
that it is also bounded on the space (Ly,Ln,)[ ;/,), where (, -)l’i(l/p) is the
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functor of the real interpolation method, generated by the parameter I, (1/p)
(see, e.g., [O] Section 7.1, p. 421). Considering the spaces L, and Ly, as
Marcinkiewicz spaces and applying [O], Ex. 7.1.3, p. 428 (compare with the

proof of Theorem 4.5), we obtain (Ll,LNl)l’;(l/p) = Mj. |

6. Comparing independent sums to disjoint sums in the general case

Here we consider the main question (see Section 1) in the setting when the
condition (1.1) is no longer assumed. We shall show that the condition X € K
remains sufficient for a (modified) inequality between the sums of independent
random variables and their disjoint copies to hold. For an arbitrary r.i. space
X on [0,1] and an arbitrary p € [1, 00], we define a function space Z% on [0, c0)
by

z% = {f € L1[0,00) + Loo[0,00): [l = Ilf "xpo,1llx + 1f"Xp1,00llp < 00}

Clearly, || - ||';» is a quasi-norm. It is easy to see that Z% equipped with the
X
equivalent norm

Ifllze =11 "xpullx + 1l iz Lo)000)s fEZ%

is an r.i. space on [0, c0). Indeed, the equivalence of the quasi-norm ||-||’,» and
X
the norm || - ||z, follows from the well-known formula

1 o0
17 ety 000) < /0 f*(r)dx+(/1 (F*(2)Pdn)?,  f € (Li + L,)(0,00),

where the second summand vanishes when p = oo and the equivalence constants
do not depend on p € [1, 00} (see [BL]).

The space (Zx, || lzx) == (Zk, || - |71 ) was introduced in [JS] and our first
result in this section complements [JS] Theorem 1 (see inequality (4) there).

THEOREM 6.1: Let X and Y be r.i. spaces on [0, 1] such that X C Y. If either
(i) the operator K acts boundedly from X into Y** and Y has Fatou norm, or
(i) the operator K acts boundedly from X into Y, then there exists C; > 0 such
that for every sequence {g;}*_, C X, n € N, of independent random variables,
the following inequality holds:

n
Z gi
i=1

(6.1) <G

Y

n
Z Gs
=1

Zx



148 S. V. ASTASHKIN AND F. A. SUKOCHEV Isr. J. Math.

Proof: Without loss of generality we may (and shall) assume that g; > 0 and
that AM{gi =7} =0foralr € Randalli =1,2,...,n. Fix0=1t, < t,
< .-+ <t < tg = 00 such that

n
YoMt <gi<tia}=1 j=12..,n
=1

For the sequence {gix{4>¢t,}}i=1 condition (1.1) is satisfied, hence by Theo-

rem 3.5
Z giX{§i>t1} ‘
i=1 =1 X
(6.2) n . n
=C (Zgi) xoa|| <C| Y6
i=1 X

i=1
Similarly, condition (1.1) is also satisfied for sequences {gix{t;<g;<t;_1}}ic1
(=2,3,...n), hence

Y gixgesny| <C
Y

Zx

n

291X{t,<g.<t] 1}
=1

I/\

-<t1}

Z
—2
Z
=2
<Cllxpyllx Z ti—1

=2
SC( (Z i) X[o,1)
i=1 X
n—1 n *
+ ||X[0,1]||XZ <Z§z> X{tj<§,~<t,-_1}H )
=2 i=1 1
<(|(£4)
=1 X
n—1 n *
+ lIxo,ql1x Z (Z!Z) X[5-1,4]
i=1

j=2
n
Z gi

1=1

n

Z GiX{t;<g:<t;_1}

)

<C'max{1, [|xo,llx}

Zx

Combining this estimate with (6.2) we arrive at (6.1). |
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We can now complement Theorem 3.5, Corollary 4.2, Corollary 4.6 and
Theorem 5.1 as follows.

COROLLARY 6.2: The following condition is equivalent to conditions (i)—(iii) in
Theorem 3.5:

(iv) the inequality (6.1) holds for every sequence {g;};-, C X, n € N, of
independent random variables.

COROLLARY 6.3: If & is an Orlicz function such that for some constant B > 1,
®(z +y) < BP(2)®(y), Va,y>0,
then there exists C > 0 such that for any finite sequence of independent random

variables {fi}3_, C Ls we have

n

>

k=1

i

k=1

<cC
Lg

ZLg

COROLLARY 6.4: For every p € (1,00] there exists a constant C(p) such that
for every sequence {g;}, C exp(L,), n € N, of independent random variables,

n
Z gi
i=1

COROLLARY 6.5: Let v € ¥. There exists C' > 0 such that, for any finite
sequence of independent random variables {fr}p_; C Ay, we have

we have
n

Zgz‘

i==1

Zexp(Lyp)

Lo
Mgq

n

> S

k=1

> f

k=1

<
Ay

Zs,
if and only if there exists C > 0 such that (5.1) holds.

The next corollary extends [JS], inequality (10) which was proved there under
the assumption that the r.i. space X contains an L,-space, p < 00.

COROLLARY 6.6: Let X be an interpolation space for the Banach couple
(L1(0,1), L(0,1)). If the operator K acts boundedly on X, then there
exists a constant C > 0 such that for every sequence {gx}7_; C X, gr > 0,
1 <k < n,n €N and every sequence {f};—, of independent random variables
such that g} = fr, 1 <k < n, the following inequality holds:

n n
Z fi Z gi
=1 i=1

<C

X X
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Proof: 1t follows from [CDS], Lemma 2.3 that for any sequence {h;}}-, of
non-negative functions from S(0, 1), we have

/Ot (gﬁk>*(3)d3 < /Ot (éhk)*(s)ds, V¢ > 0.

It is easy to infer from the well-known description of interpolation spaces for
a couple (L1, Ly) (see, e.g., [KPS], Theorem I7.4.3) that the space Zx is an
interpolation space for the Banach couple {L;(0, 00), Leo(0, 00)). Without loss
of generality, we may (and shall) assume that the interpolation constant of Zx
is equal to 1. Therefore, it follows from the inequality above, our assumptions
on fi’s and gi’s and [KPS], Theorem I1.4.3 that

n _ n
YRl <D e
k=1 Zx k=1 X
A combination of this inequality with Theorem 6.1 completes the proof. |

In the remainder of this section, we shall show how our methods may be used
to complement results from [M].

——~——

Following [LT] p. 46, we define the space X(l,) as the set of all sequences
f={fu(x)}32;, fr € X, k > 1 such that

n 1/p
(Z |fk|”)
k=1

(with an obvious modification for p = 00). The closed subspace of X(l,) gener-

Ilfllm = sup < 00

X

ated by all eventually vanishing sequences f € X (I,) is denoted by X (Ip).

Before proceeding, we recall the following construction due to A. P. Calderon
[C]. Let X, and X; be two Banach lattices of measurable functions on the same
measure space (M,m) and let § € (0,1). The space Xi7?X? consists of all
measurable functions f on (M, m) such that for some A > 0 and f; € X; with
fillx, <1,¢=0,1,

1f@) < M@ fi(2))?, zeM

equipped with the norm given by the greatest lower bound of all numbers A
taken over all possible such representations. Even though this construction is
not an interpolation functor on general couples of Banach lattices (see [Lo]),
it is still a convenient tool of interpolation theory. Indeed, if (Xo,X;) is a
Banach couple and if (Y5, Y1) is another Banach couple of lattices of measurable
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functions on some measure space (M',m'), then any positive operator A from
S(M,m) into S(M’,m'), which acts boundedly from the couple (Xp, X;) into
the couple (Y5, Y1), also maps boundedly Xé—aX 9 into Yol"oYlo and, in addition,
Al x2-0 xo oy < Al v [IANI%, y, for all 8 € (0,1). The proof of
the latter claim follows by inspection of the standard arguments from [LT],
Proposition 1.d.2(i), p. 43.

The following theorem is proved in [M], in the special case that X =Y and
Ly C X for some g < 0o. At the same time the result of [M] is concerned with
sequences of random variables in a general symmetric sequence space, whereas
we consider here the case of [,-spaces only.

THEOREM 6.7: Let X and Y be r.. spaces on [0,1] such that X C Y and
let p € [1,00]. If either (i) the operator K acts boundedly from X into Y **
and Y has Fatou norm, or (ii) the operator K acts boundedly from X into Y,
then there exists C > 0 which depends on X and Y only such that for every
sequence g = {g;}", C X, n € N, of independent functions, the following
inequality holds:

n
Zgi

i=1

(6.1) lellyq,) <C

Zx
Proof: Let T be the rearrangement-preserving mapping between S({2,P) and

S([0,1], A) introduced in Section 3. We define the positive linear mapping @
from S(0, 00) into S(€, P)NU0} by setting

(Qf(w07wla . ) = {fk(wk)}z‘.;o? f € 3(0700)7

where fi(wy) := flwy+k), k > 0. The proof of Theorem 6.7 will be completed as
soon as we show that the positive linear operator @’ := T'Q is a bounded linear
operator from Z% into Y (l,). The key observations are that the operator Q'
acts boundedly from Z% = Zx into Y ({;) and from Z$ into Y (I ). Indeed, the
first observation follows immediately from Theorem 6.1 (if one takes into account
that for every sequence g = {g;}}»; C X, n € N, of independent functions in X,
the sequence |g| := {|¢:|}?_; C X is again a sequence of independent functions
and that || 37, 1illlzx = || X1y illzx ). The second observation follows from
a combination of the equivalences

Ifllzz < Ifllzg < If xpuillx, Vf€Z¥
X

(where the equivalence constants do not depend on the r.i. space X and f € Z§)
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with the inequalities

1 F* £*

5/\{1‘ Xjo,a) > T} < /\{k;lng-?f. n|fk| >1 <M xp > 1) V>0,
where {fx}i—; C X, n € N, is a sequence of independent random variables in
X and f:= Y7, fi (see [HM], Proposition 2.1).

It follows that

Q' (Z)'0(ZR) — (Y () (Y (1))’

and its norm is uniformly bounded with respect to 8 € (0,1). The proof is
complete by noting that for all # € (0,1) we have

63) 24 C(ZW IR, (V) (V) SY (), p=1mg

To see the first embedding above, fix g = g* € Z%,, llgllzz =1 and set

91:=gX[0,1] + §°X[1,00)»  Goo i= X[0,1] T X[1,00)-

Clearly, g = (g1)'%(g9oo)? and it is a straightforward verification that g; € Z%
and ||gil|zz < C, i = 1,00, where C > 0 does not depend on p. The second
embedding in (6.3) (in fact, equality) is shown in [Bu], Theorem 3. |

Remark 6.8: The assertion established in Theorem 6.7 follows from the bound-
edness of a certain linear operator from Z% into Y'({,), which is a consequence
of the boundedness of this operator from the couple (Z},Z§) into the couple
(Y(11),Y(le)). By using Calderon-Lozanovskii’s construction (see, e.g., [O],
Section 8.2 and also [Bul), it is possible to extend this result to more general
spaces than Z% and Y (I,), but we have not pursued this subject in the present

paper.

7. Final remarks

It follows from Corollaries 5.6 and 5.7 that the assumption exp(L;) C X is not
sufficient for an r.i. space X to have the Kruglov property. We shall present a
concrete example of a Lorentz space Ay without the Kruglov property satisfying
exp(L1) C Ay.

PROPOSITION 7.1: If kg(t) := In™' ¢ - In?(In<), t € [0,1], B > 1, then
exp(L1) C Ax,, but the latter space does not have the Kruglov property.

Proof: 1t is sufficient to verify that the function kg does not satisfy condition
(5.1) for every A > 1. Such a verification is straightforward but technical, and
we omit detailed calculations. |
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We present now some necessary condition for a r.i. space X to have the
Kruglov property.
For n € N, we denote the nth repeated logarithm by In,, and set

®,(u) :=exp(uln,(cp +u)) -1, Inyc, =1.

The Orlicz space Lg, coincides with the Marcinkiewicz space M, , where

_ uln(e/u)
&nlu) = m, u € (0,1].

Let X be an r.i. space. The assumption exp(L;) C X seems to be necessary
for the operator K to act boundedly on X. The following result is a step towards
proving this conjecture.

THEOREM 7.2: If the operator K acts boundedly on the r.i. space X, then
Lg, C X for everyn € N.

Proof: Since Lo, C X, it follows from Theorem 4.4 that

_ _In(e/)
fi() = In(n(ec/)) €X.

Noting that A{fi > 7} < e~""(1+7) and arguing as in the proof of Theorem
4.5, we get

o0
1
—7In{1+7
/\{ICf1>T}ZCnE=Ie T /")—n!.

If n > 7In"'(7/e), then 7In(1 + 7/n) < 7In(In(7)) and therefore

(7.1) MKf1 > 7} > Cemin(n(7) > 1/n!.
n>[2rIn~1(r/e)]

Using Stirling’s formula for sufficiently large 7’s we estimate

—— >exp(~2rin~! Zin(2rln! 1)) > e~
[ZTIH_I%]!_exp( 7In en(rn e))_e

Applying (7.1), we obtain for all sufficiently large T
(7.2) MKfi>7)> Ce—7In(in(7)) o—37 > ¢~ 4rIn(In(r))

Note that for the Marcinkiewicz space M, , n > 1 the analogue of formula (4.1)
holds. Therefore, to prove that M, is contained in X, it is sufficient to show
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that the function fo(t) :=t — &(t)/t belongs to X. In particular, it is sufficient
to verify that there exists a constant C > 0 such that for all sufficiently large 7,

(7.3) Mfa>7} <CMKfL>71}

Direct calculations now show that for sufficiently large 7 we have A{f, > 7} <
Ce~47n{In(7)) 'j e. (7.3) now follows from (7.2). Repeating the same arguments
and calculations for the function K f2 we infer further that the function f3(t) :=
t — £3(t)/t belongs to X and so on. This completes the proof of Theorem 7.2.
|
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